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1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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Families

Periodic table of mathematical functions
families, properties, relations
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sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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Families

Periodic table of mathematical functions
families, properties, relations

1. Natural powers



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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Families

Periodic table of mathematical functions
families, properties, relations

2. Negative integer powers



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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3. Singular roots



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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4. Non-singular roots



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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5. Logarithms



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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6. Exponentials



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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7. Hyperbolic functions



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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8. Bounded trigonometric functions



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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9. Singular trigonometric functions



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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10. Trigonometric inverses



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)


tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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11. Special roots and rational functions



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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12. Causal functions



1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
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0 (x)

(n)(x)
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x +1    
 1
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

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(1, 2cos)                   (1, 2cos)

n > 0





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x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, unbounded f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
     flip in diagonal from lower left to upper right corner 

Inverted value  f(x)  1/f (x)           1/f (x)
     invert vertikally in line x = 1 (if positive) or x = 1 (if negative)

Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
     value f ’(x) denotes the slope of the curve f(x) in the point x

Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
     value F[f](x) denotes the amount of ”the frequency” x in the function f, as a sum of of (x)e-x

Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
     value F[f](x) denotes the amount of the frequency x in the function f, as a sum of cos x + isin x

Dilate   f(x)   bf(ax), numbers a,b where none is 0
     bf(ax) compressed or expanded, vertically (b) and/or horizontally (a) (scaling if ab = 1)

Translate  f(x)   f(x  a)  b
     f(x  a)  b  translation with no shape change, vertically (b) and/or horizontally (a)

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limitations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd                                -f(-x) = f(x)        - unchanged if rotated 180o around center
    even                                f(-x) = f(x)         - symmetric in the vertical central line
    strictly increasing          f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing          f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )         f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )        f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective on R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic, period p       f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, unbounded f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
     flip in diagonal from lower left to upper right corner 

Inverted value  f(x)  1/f (x)           1/f (x)
     invert vertikally in line x = 1 (if positive) or x = 1 (if negative)

Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
     value f ’(x) denotes the slope of the curve f(x) in the point x

Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
     value F[f](x) denotes the amount of ”the frequency” x in the function f, as a sum of of (x)e-x

Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
     value F[f](x) denotes the amount of the frequency x in the function f, as a sum of cos x + isin x

Dilate   f(x)   bf(ax), numbers a,b where none is 0
     bf(ax) compressed or expanded, vertically (b) and/or horizontally (a) (scaling if ab = 1)

Translate  f(x)   f(x  a)  b
     f(x  a)  b  translation with no shape change, vertically (b) and/or horizontally (a)
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 
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Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
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2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).
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linear differential
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asymptotes, bounded x
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special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limitations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd                                -f(-x) = f(x)        - unchanged if rotated 180o around center
    even                                f(-x) = f(x)         - symmetric in the vertical central line
    strictly increasing          f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing          f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )         f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )        f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective on R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic, period p       f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous
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1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
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1

k = 1
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x10
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e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)
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 1
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k = 0


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

tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous
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x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
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e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous
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x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 
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e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1
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 1
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 1
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k = 0



(x)



tan x
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



(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, unbounded f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
     flip in diagonal from lower left to upper right corner 

Inverted value  f(x)  1/f (x)           1/f (x)
     invert vertikally in line x = 1 (if positive) or x = 1 (if negative)

Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
     value f ’(x) denotes the slope of the curve f(x) in the point x

Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
     value F[f](x) denotes the amount of ”the frequency” x in the function f, as a sum of of (x)e-x

Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
     value F[f](x) denotes the amount of the frequency x in the function f, as a sum of cos x + isin x

Dilate   f(x)   bf(ax), numbers a,b where none is 0
     bf(ax) compressed or expanded, vertically (b) and/or horizontally (a) (scaling if ab = 1)

Translate  f(x)   f(x  a)  b
     f(x  a)  b  translation with no shape change, vertically (b) and/or horizontally (a)

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limitations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd                                -f(-x) = f(x)        - unchanged if rotated 180o around center
    even                                f(-x) = f(x)         - symmetric in the vertical central line
    strictly increasing          f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing          f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )         f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )        f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective on R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic, period p       f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, unbounded f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
     flip in diagonal from lower left to upper right corner 

Inverted value  f(x)  1/f (x)           1/f (x)
     invert vertikally in line x = 1 (if positive) or x = 1 (if negative)

Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
     value f ’(x) denotes the slope of the curve f(x) in the point x

Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
     value F[f](x) denotes the amount of ”the frequency” x in the function f, as a sum of of (x)e-x

Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
     value F[f](x) denotes the amount of the frequency x in the function f, as a sum of cos x + isin x

Dilate   f(x)   bf(ax), numbers a,b where none is 0
     bf(ax) compressed or expanded, vertically (b) and/or horizontally (a) (scaling if ab = 1)

Translate  f(x)   f(x  a)  b
     f(x  a)  b  translation with no shape change, vertically (b) and/or horizontally (a)

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limitations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd                                -f(-x) = f(x)        - unchanged if rotated 180o around center
    even                                f(-x) = f(x)         - symmetric in the vertical central line
    strictly increasing          f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing          f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )         f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )        f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective on R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic, period p       f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

x = 0 

< x < 1

x = 0 x = 0 

x = 0 x > 0 x = 0 x > 0 

x = 0 x = 0 

x = 0 x > 0 x > 0 
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x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       
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n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

y’’  y = 0 

y’ = 0 y(5) = 0 

y’’ + y = 0 

y(3) = 0 y(4) = 0 

y’ + y = 0 

P(D)h =  ) 
P(D)hf = f 

y’  y = 0 

y’’ + 4y = 0 

y(7) = 0 

y’’  y = 0 

y’’ + 9y = 0 y’’ + 9y = 0 y’’ + 4y = 0 

y’’ = 0 y(6) = 0 

y’  ln y = 0 y’  ln y = 0 

y’’ + y = 0 y’ = 0 2 2 
 3 


 3    22   

  

2         2

1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1
x 2

1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
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3

x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, unbounded f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
     flip in diagonal from lower left to upper right corner 

Inverted value  f(x)  1/f (x)           1/f (x)
     invert vertikally in line x = 1 (if positive) or x = 1 (if negative)

Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
     value f ’(x) denotes the slope of the curve f(x) in the point x

Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
     value F[f](x) denotes the amount of ”the frequency” x in the function f, as a sum of of (x)e-x

Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
     value F[f](x) denotes the amount of the frequency x in the function f, as a sum of cos x + isin x

Dilate   f(x)   bf(ax), numbers a,b where none is 0
     bf(ax) compressed or expanded, vertically (b) and/or horizontally (a) (scaling if ab = 1)

Translate  f(x)   f(x  a)  b
     f(x  a)  b  translation with no shape change, vertically (b) and/or horizontally (a)

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limitations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd                                -f(-x) = f(x)        - unchanged if rotated 180o around center
    even                                f(-x) = f(x)         - symmetric in the vertical central line
    strictly increasing          f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing          f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )         f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )        f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective on R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic, period p       f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

y’’  y = 0 

y’ = 0 y(5) = 0 

y’’ + y = 0 

y(3) = 0 y(4) = 0 

y’ + y = 0 

P(D)h =  ) 
P(D)hf = f 

y’  y = 0 

y’’ + 4y = 0 

y(7) = 0 

y’’  y = 0 

y’’ + 9y = 0 y’’ + 9y = 0 y’’ + 4y = 0 

y’’ = 0 y(6) = 0 

y’  ln y = 0 y’  ln y = 0 

y’’ + y = 0 y’ = 0 2 2 
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x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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y’’  y = 0 

y’ = 0 y(5) = 0 

y’’ + y = 0 

y(3) = 0 y(4) = 0 

y’ + y = 0 

P(D)h =  ) 
P(D)hf = f 

y’  y = 0 

y’’ + 4y = 0 

y(7) = 0 

y’’  y = 0 

y’’ + 9y = 0 y’’ + 9y = 0 y’’ + 4y = 0 

y’’ = 0 y(6) = 0 

y’  ln y = 0 y’  ln y = 0 

y’’ + y = 0 y’ = 0 

x = 0 

< x < 1

x = 0 x = 0 

x = 0 x > 0 x = 0 x > 0 

x = 0 x = 0 

x = 0 x > 0 x > 0 

x = 0 

x = 0 x > 0 x = 0 

x > 0 x > 0 

x < 1, 1 < x1 < x < 1 

x > 0 

x > 1 

x > 0 x > 0 

x = 0 x > 0 x > 0 x > 0 

x = 0 x = 0 

x = 2n, 

x = n  
2 x = nx = n  

2 x = nx = n  
2 x = n

1 < x < 1 

1 <  x < 1 1 < x < 1 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 1, 
”x = 1” 

x = 1, 
”x = 1” 

x = 1, 
”x = 1” 

x = 1 x > 1  x < 1, x = 1x = 1,

x = k, x = n, 

x = 1

x < 1, 1 < x x < 1, 1 < x1 < x < 1 

y =1 

y > 0 y = 0 y > 0 

y > 0 

y = 0 y > 0 y = 0 

y > 0 y > 0 

y > 0 y > 0 y > 0 y > 0 

y > 0 y > 0 y > 0 y > 0 

y > 0 y = 0 

y = 0 

0 < y < 1 

y > 0 

0 < y < 1 

y > 0 y > 0 

y > 0 

0 < y < 1 

y > 0 

y > 0 

y = 0 y > 0 y > 0 

y < e1 

y >    e2

  4

y > 0 y > 0 y > 0 y > 0 

-1 < y < 1 

y < 1 

 
2 


2   < y <  

y > 1 

0 < y <  
2 0 < y <  

 
2   < y < 0,  

2    0 < y <  
 

2   < y < 0,  

-1 < y < 1 

y > 1 1 < y < 1 y < 1 , y > 1

-1 < y < 1 

y < 1 , y > 1


2 0 < y <   ,


2  < y <  

y = 0 

min(xn ) < y < 1 0 < y < 1 ”y = + ”

      y = 0,
y > x1 0 < y < 1 

0 < y < 1 

y > 0y = 0

      y = 0,
 ”y = ”

      y = 0,
 ”y = ”

 y > 0  y < 1, 

1 < y < 1 

      y = 0,
”y = + ”

      y = 0,
”y = + ”

  0 < y < 1 1
2      < y <  12 

-1 < y < 1 

  0 < y < 1 

 0 < y < 1  0 < y < e1 

      y = 0,
”y = + ”

      y = 0,
”y = + ”

 y > 0   0 < y < 1 

      y = 0,
 ”y = ”

      y = 0,
”y = + ”

      y = 0,
”y = + ”

      y = 0,
”y = + ”

y > 0y = 1, y = 1y = 0, y = 1

y > 0y > 0

 y > 1 

y = 0 y = 0, y = 1

 
2   < y <  2 

y >  2 
1  x0

2n+1

1  x0
y >  

y > 0 

y =1 

 y < 1, y > 1

-1 < y < 1 -1 < y < 1 1 < y < 1 

1 = 
 1

5
  = 

-  
1
5

-1
1 = 
 1

4  = - 
-  

1
4

-1
1 = 
 1

3  = 
-  

1
3

-1
1 = 
 1

2  = - 
-  

1
2

-1
1 = 1
   = 1 

-  
-1

0 = 1 5
4-1 = - 0 5

4
1 = 3
   = 3

 -1
-0 = 1 3

2-1 = - 0 3
2

0 = 41 
-1 = 1 10

 30 = 1 6
51 = 2

 -1 = 61 
0 = 1 4

3  = 2 
0 
1

0 = 11 

  = 2 
-  
 


  1
 ln2

0 = 1 

  =  
-  
 


0 = 1
 

-1 = 10

0 = 1
   = 1 

-  
 0

0 = 11 
 0  = 2ln2   1

 -1  = 2ln2  
 0

  = 
-  
 0    1

2 

-
  =   


1
  = ln   e+1

e1
-1

  = ln  
-

e+1
e1

  1
 ln2  =  

-  
 0

    1
 ln100 = 1 

-  
 0

  =      1 ln10

  = 1 -  
 

  = 
-  
 


0 = 1
 0 = 1

 

0 = 1
   = 1 

-  
 -2  2 =    ln3

2 

   = 11-      
1+

   = 1 2-      
 2+

   = 1 -1-      
 -1+

   = 1 k-      
 k+

   = 1 n-      
 n+

   = 1 n-      
 n+

-
  =   


    =    ln3
-2

-   

2 

  =  


-1 

y =1 y =1 

x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 x = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 x = 0 y = 0 

x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 x = 0 y = 0 y = 0 

y = x y = x x = 1 

y = 0 y = 0 y = 0 y = 0 

x = 1x = 1
y = 0 y = 0

x = 1x = 1

y = 0 y = 1 

y = 1 y = 1 x = 0 y = -1 y = 1 
y = 0 y = 0 y = 0 

x = 0 

y = 0 y = 0 

x = 0 x = 0 

y = 0 

x = 0 

y = 0 

x = n  
2 

x = 1 x = 1 y = x y = x y = 0 y = 0 y = 0 y = 0 

y = 0 y = 0 y = 0y = 0
2 y =  

2 y = 
2 y =  

2 y =  

y = 0 y = 0 y = 0 y = 0 x = 1 x = 1 y = 0 y = 0 x = 1 y = 0 y = 0 x = 1 y = 0 y = 0 x = 1 x = 1 

y = 0 

x = n

y = 0 

x = n

y = 0 y = 0 y = 0 y = 0 

y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 y = 0 

y = 1 y = 1

y = 0 y = x y = 0 

y = 0 y = 0 

y = 0 y = 0 y = 1 y = 0 

y = 0 y = 0 

y = 0 y = 0

x = n  
2 x = nx = n  

2 

y = 0 

y = 0 

y =1 y =1 

 







  



 





 



x0
-2n  = (2n1)(1x0)+x0 1 x0

2-2n  = (2n2-3n+1)x0
2

+4(n-n2)x0-n+2n2

  ee    ee            

  1
2 

  1
2    

 1
2 ln(22 + 3)1

2 ln(22 + 3)  

n2n  
2 2n  

2 
2n n  

2 (2n1)  n  
4  n  

4 
n
 2 

n
    

6 
n
  3   

6 
n
  3 

nn  
2    

4 
n
 2 

n
  3 

  
6 

 n
  3   

3 
n
  3 

n  
2 nn n  

2 
n  

2 nnn  
2 2n(2n1) n  

2 
n2n  

2 2n  
2 

0           0           0 0

     x > 1 x < 1           1
3    1

3   33    1
2 

   1
2      

  k
2k  

2 

2k  
2 

x < 0  

2k
k  

2 (2k1)
x < 0  x < 0    x < 0 

 x = 1  x = 2   x = 1  kx = k  nx = n   x = 0   x = 0   x = 0   x = 0 x = 0  

x  x < 0  x < 0 x < 0  

 2nx = 2n 
(n+1)sinnxm = nsin(n+1)xm , m jämn, x0=0

(n+1)sinnxm = nsin(n+1)xm , m udda

n1n+1/2 (sin(n+1/2)yl /sin(yl/2)’’ = 0

n n   xn = tan xn

(xm
2 - 2) tanxm + 2 = 0

n n  
2 

 n  
4  n  

4  n n  
2 

2 2 
 3 


 3 

   22   

  

2         2

x 1 = x. (x + y)4 =      xky4-k  0 
4 4

k(x+y)2 = x2 + 2xy + y2 (x+y)3 = x3 + 3x2y + 3xy2 + y3 f(x)  x = f(x) (x + y)5 =      xky5-k  50 
5
k (x + y)6 =      xky6-k  0 

6 6
k

log10 xy = log10 x + log10 y

10x+y = 10x 10 y 

log2 xy = log2 x + log2 y

 e x = cosh x  sinh xex+y = ex ey  e x = cosh x  sinh x

ln xy = ln x + ln y

2x+y = 2x 2 y 

cos(x + y) = cosx cosy  sinx sinyx 1 = x.

sec x = 1/cos xcot2x  1 =  1/sin2xtan2x + 1 = 1/cos2xcot(x + y) = cotx coty  1 
 cotx + cotytan(x + y) =   tanx + tany

1  tanx tany

sin2x = 2cosx sinx

sinh x = (e 
x  ex)/2

sin(x + y) = sinx cosy + cosx siny

cosh x = (e 
x + ex)/2 tanh x = sinh x/cosh x coth x = cosh x/sinh x sech x = 1/cosh x

cos3x = cos3x  - 3cosx sin2xsin3x = 3cos2x sinx - sin3xcos2x = cos2x - sin2x

csc x = 1/sin x

csch x = 1/sinh x

sin2x = 1  cos2x =    (1  cos2x)
2 n= f(x)      (x2n)=   f(n)(xn)

n= cos2x = 1  sin2x =    (1 + cos2x)
2 

arcsin x =       arccos x
2 

|x| = x2sign(x) = x/|x|

arccos x =       arcsin x
2 arccsc x =      arcsec x

2 
arccot x =     sign x arctan x

2 
arctan x =     sign x  arccot x

2 

2 arcsec x =      arccsc x

f(x)(x) = f(0)(x)     f(x)(x) = f(x)

(x) = (x+1)  (x  )

r(x) = (x)xx + 0 = x (x) = (x/|x|  1)/2

 f(x)’(x) = f(0)’(x)  f ’(0)(x) 3
kf(x)(3)(x) =    (-1)k( )f (k)(0)(3-k)(x)  0 

3
f(x)’’(x) = 
f(0)’’(x)  f ’(0)’(x) + f ’’(0)(x) 4

kf(x)(4)(x) =    (-1)k( )f (k)(0)(4-k)(x)  0 
4

f(x)(x1) = f(1)(x1) f(x)(x2) = f(2)(x2)f(x)(x+1) = f(1)(x+1) k=(xk) = k= f(k)(xk)  f(x) n=(xn) = n= f(n)(xn)f(x)   

= 1 + x +...+ x2n 1  x2n+1

1  x = 1 + x + x2 +...
   1
1  x= 1 + x +...+ x2n-1 1  x2n

1  x

1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
1  x    2n+1

x 3
1

x 3
2x 4

1x 2
1

x 
6

1
x 

5
1

x 
4

1
x 

3
1

x 
2

1
x
1

x 5
1 x 5

2
x 6

1
x 2

3
x 3

4
x 4

3

x6
1

x4
1x2

1

x3
4

x4
3x5

2
x5

1x2
3

x3
2x3

1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       2xlog x| - 1)ln| x( |x| -    )(ln    x  

n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x
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
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ln2
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2 
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2 3
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2
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ln10
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






2



1
2

-1 -i

i

-1

 2

ii

 


i -i-1

62 12024

-1

62 24 120

(x) r(x) (x)x2 (x)x3 (x)x4 (x)x5

’(x) ’’(x) (3)(x) (4)(x) (5)(x) (6)(x)(x)

(e
x

  
 x

)

(e
x 

 
 x

)

(e
x

  
 x

)






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
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1. a + b
2. a

x b
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SGD(a,b) = 1, 
1. a + b
2. a
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2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
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Local properties, examples

Periodic table of mathematical functions
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x < 1, 1 < x1 < x < 1 

x > 0 

x > 1 
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2 x = n

1 < x < 1 
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

x 1 = x. (x + y)4 =      xky4-k  0 
4 4

k(x+y)2 = x2 + 2xy + y2 (x+y)3 = x3 + 3x2y + 3xy2 + y3 f(x)  x = f(x) (x + y)5 =      xky5-k  50 
5
k (x + y)6 =      xky6-k  0 

6 6
k

log10 xy = log10 x + log10 y

10x+y = 10x 10 y 

log2 xy = log2 x + log2 y

 e x = cosh x  sinh xex+y = ex ey  e x = cosh x  sinh x

ln xy = ln x + ln y

2x+y = 2x 2 y 

cos(x + y) = cosx cosy  sinx sinyx 1 = x.

sec x = 1/cos xcot2x  1 =  1/sin2xtan2x + 1 = 1/cos2xcot(x + y) = cotx coty  1 
 cotx + cotytan(x + y) =   tanx + tany

1  tanx tany

sin2x = 2cosx sinx

sinh x = (e 
x  ex)/2

sin(x + y) = sinx cosy + cosx siny

cosh x = (e 
x + ex)/2 tanh x = sinh x/cosh x coth x = cosh x/sinh x sech x = 1/cosh x

cos3x = cos3x  - 3cosx sin2xsin3x = 3cos2x sinx - sin3xcos2x = cos2x - sin2x

csc x = 1/sin x

csch x = 1/sinh x

sin2x = 1  cos2x =    (1  cos2x)
2 n= f(x)      (x2n)=   f(n)(xn)

n= cos2x = 1  sin2x =    (1 + cos2x)
2 

arcsin x =       arccos x
2 

|x| = x2sign(x) = x/|x|

arccos x =       arcsin x
2 arccsc x =      arcsec x

2 arccot x =     sign x arctan x
2 

arctan x =     sign x  arccot x
2 


2 arcsec x =      arccsc x

f(x)(x) = f(0)(x)     f(x)(x) = f(x)

(x) = (x+1)  (x  )

r(x) = (x)xx + 0 = x (x) = (x/|x|  1)/2

 f(x)’(x) = f(0)’(x)  f ’(0)(x) 3
kf(x)(3)(x) =    (-1)k( )f (k)(0)(3-k)(x)  0 

3
f(x)’’(x) = 
f(0)’’(x)  f ’(0)’(x) + f ’’(0)(x) 4

kf(x)(4)(x) =    (-1)k( )f (k)(0)(4-k)(x)  0 
4 f(x)(x1) = f(1)(x1) f(x)(x2) = f(2)(x2)f(x)(x+1) = f(1)(x+1) k=(xk) = k= f(k)(xk)  f(x) n=(xn) = n= f(n)(xn)f(x)   

= 1 + x +...+ x2n 1  x2n+1

1  x = 1 + x + x2 +...   1
1  x= 1 + x +...+ x2n-1 1  x2n

1  x

1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
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(1, 1)     1  x    
1  x    2n+1
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x 6

1
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x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)

 (x 1)2    
 1

x +1    
 1

 (xk)
k = 0



(x)



tan x






(1, 2cos)                   (1, 2cos)

n > 0








x 
n

1

x 
n

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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Families

Periodic table of mathematical functions
families, properties, relations

y’’  y = 0 

y’ = 0 y(5) = 0 

y’’ + y = 0 

y(3) = 0 y(4) = 0 

y’ + y = 0 

P(D)h =  ) 
P(D)hf = f 

y’  y = 0 

y’’ + 4y = 0 

y(7) = 0 

y’’  y = 0 

y’’ + 9y = 0 y’’ + 9y = 0 y’’ + 4y = 0 

y’’ = 0 y(6) = 0 

y’  ln y = 0 y’  ln y = 0 

y’’ + y = 0 y’ = 0 

x 1 = x. (x + y)4 =      xky4-k  0 
4 4

k(x+y)2 = x2 + 2xy + y2 (x+y)3 = x3 + 3x2y + 3xy2 + y3 f(x)  x = f(x) (x + y)5 =      xky5-k  50 
5
k (x + y)6 =      xky6-k  0 

6 6
k

log10 xy = log10 x + log10 y

10x+y = 10x 10 y 

log2 xy = log2 x + log2 y

 e x = cosh x  sinh xex+y = ex ey  e x = cosh x  sinh x

ln xy = ln x + ln y

2x+y = 2x 2 y 

cos(x + y) = cosx cosy  sinx sinyx 1 = x.

sec x = 1/cos xcot2x  1 =  1/sin2xtan2x + 1 = 1/cos2xcot(x + y) = cotx coty  1 
 cotx + cotytan(x + y) =   tanx + tany

1  tanx tany

sin2x = 2cosx sinx

sinh x = (e 
x  ex)/2

sin(x + y) = sinx cosy + cosx siny

cosh x = (e 
x + ex)/2 tanh x = sinh x/cosh x coth x = cosh x/sinh x sech x = 1/cosh x

cos3x = cos3x  - 3cosx sin2xsin3x = 3cos2x sinx - sin3xcos2x = cos2x - sin2x

csc x = 1/sin x

csch x = 1/sinh x

sin2x = 1  cos2x =    (1  cos2x)
2 n= f(x)      (x2n)=   f(n)(xn)

n= cos2x = 1  sin2x =    (1 + cos2x)
2 

arcsin x =       arccos x
2 

|x| = x2sign(x) = x/|x|

arccos x =       arcsin x
2 arccsc x =      arcsec x

2 arccot x =     sign x arctan x
2 

arctan x =     sign x  arccot x
2 


2 arcsec x =      arccsc x

f(x)(x) = f(0)(x)     f(x)(x) = f(x)

(x) = (x+1)  (x  )

r(x) = (x)xx + 0 = x (x) = (x/|x|  1)/2

 f(x)’(x) = f(0)’(x)  f ’(0)(x) 3
kf(x)(3)(x) =    (-1)k( )f (k)(0)(3-k)(x)  0 

3
f(x)’’(x) = 
f(0)’’(x)  f ’(0)’(x) + f ’’(0)(x) 4

kf(x)(4)(x) =    (-1)k( )f (k)(0)(4-k)(x)  0 
4 f(x)(x1) = f(1)(x1) f(x)(x2) = f(2)(x2)f(x)(x+1) = f(1)(x+1) k=(xk) = k= f(k)(xk)  f(x) n=(xn) = n= f(n)(xn)f(x)   

= 1 + x +...+ x2n 1  x2n+1

1  x = 1 + x + x2 +...   1
1  x= 1 + x +...+ x2n-1 1  x2n

1  x

1 x 
4   1  x    

1  x    2n

x 
2 x 

3 x 
6x x 

5   1  x    
 1

(1, 1)     1  x    
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x6
1

x4
1

x2
1

x3
4

x4
3

x5
2

x5
1

x2
3

x3
2

x3
1

x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10

3
2

2

e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x

   1  x2   
 1

(x)sin x

   1  x2   

(x1)(x) ’(x) (3)(x)’’(x)

x|  |sign x(x)

(x)x2r(x)

(4)(x)

x2 +1    
 1  x

x2 +1    

(x)cos x

   x2  1   
 1

(x)e-x (x)xe-x

(x2)(x1)

   x2  1   
 1

x2 1    
 1

0 (x)

(n)(x)
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     Numbers
         building blocks of functions

N - natural numbers:       1, 2, 3, ...
Z - integers:           N and ..., - 2, -1, 0.
Q - rational numbers:      Z and  1/2, -1/2, ...; all a/b where a,b in Z, b not 0 
R - real numbers:         Q and        , , e, ... ; all conv. {ak/bk}1,  where ak , bk  in Q
C - complex numbers:    R + Ri; all a + ib (alt. rei) where a, b  in R

Properties of number sets
    N  Z  Q  R  C
discrete        - numbers are isolated
inequalities      - numbers can be compared in size
additive inverses (subtraction)            - subtraction always gives numbers in the set
multiplicative inverses (division)            - division (not 0) always gives numbers in the set
completeness                    - a convergent sequence tends to a number in the set
highest degree of irreducible polynomial               2   1  - factorization of polynomials, coefficients in the set

2 

Properties

Global properties

Local properties

zero - intersection with the x-axis 
local minimum - bottom of sink
local maximum - top of hill
point of inflection - shift right/left turn
continuous f ’, bounded discont. f ’’ 
continuous f ’, unbounded discont. f ’’ 
continuous f, bounded discont. f ’ - corner
continuous f, obegränsad f’ - steep
bounded discontinuity  - jump
unbounded discontinuity - graph not
contained in any window

Local properties
impulsive singularity, order 1 - point mass
impulsive singularity, order 2 - dipole
impulsive singularity, order 3
impulsive singularity, order 4
impulsive singularity, order 5
integer
non-negative integer
(small) positive number

n
k

      Convergent generalized integral -
surface with finite area but infinite diameter 
Asymptote - tangent in infinity



Relations

Relation             complete                 incomplete              definition

Inverse function  f(x)    f -1(x)               f -1(f (x)) = f (f -1(x)) = x
Inverted value  f(x)  1/f (x)           1/f (x)
Derivative  f(x)  f ’(x)           limh0(f (x+h)f (x))/h
Laplace transform  f(x)  L[f](x)          0- e-xtf(t) dt
Fourier transform  f(x)   F[f](x)                    e-ixtf(t) dt
Dilate   f(x)   bf(ax), numbers a,b where none is 0
Translate  f(x)   f(x  a)  b
 

 

 
- 

ba

ba

ba

ba

ba

Notes about relations
1. An incomplete relation holds for a restriction to the function, or with different constant factors, i.e. 
for a dilate. The factors b and a in bf(ax), respectively, appear at the relation arrow in the same colour,  
if not 1.  Relevant restriction interval (R+ = [0,), t.ex.) also appears here, at the function that is restrik-
ted.
2. If  f(x)   F[f](x), then F[f](x)                  f(x) (symmetry).
3. If f(x) = 0 for all x < 0 (causal) and      |f(x)| dx < , then L[f](ix) = F[f](x).
4. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).
5. If f(x)                  g(x) and g(x)                  h(x), then f(x)                  h(x).

 
- 

2-1

From two functions f(x) and g(x), other elementary functions can be produced by combinations of 
five main operations:

Linear combination: 
af(x) + bg(x): for numbers a, b 
(sum if a = b = 1,
 difference if a = 1, b = -1)

Product: f(x)g(x)

 f(x) if x < x0
g(x) if x > x0

{
Cases:

Convolution:       f(t)g(x - t) dt,
(if the integral is convergent)
denoted f (x)  g(x)

 

- Composition: f(g(x)),
(if Vg subset of Df )
denoted f (x)  g(x)

New functions

f(x) and g(x)

What is a function?
Definition: A function is a rule f which for each member x in a set Df  (domain) orders a specific member 
f(x) in another set Vf  (range).

Note:
1. For the functions in this table, both sets (Df and Vf ) consists of real numbers (R) only.
2. The graph of a function is the set of points (x, f(x)) for all x in Df., here usually a curve in the plane. The 
value f(x) is in the graph metaphor interpreted as the vertical ”height” along the y-axis: y = f(x).
3. The definition means that every vertical line has at most one intersection with the graph.
4. Here we only show what is visible inside a window of size (-3.5, 3.5) x (-3.5, 3.5), except for the two 
periodic families, Family 8 and 9, whose windows are (-6.5, 6.5) x (-6.5, 6.5).

������f (x)
linear differential-
equation

asymptote, x  -
asymptotes, bounded x

convergent generalizered integrals

convex,...  ..., periodic

special points

Rule of calculation

asymptote, x  

   limitations of y = f(x):
                            range

limtations of x:
domain

Global properties (x1 < x2)

     continuous (also  ,  )  f(x)     f(x0) if x     x0 - connected
    convex       f(tx1+sx2) < tf(x1)+sf(x2)            - connected, no right turns
    concave     f(tx1+sx2) > tf(x1)+sf(x2)           - connected, no left turns
    odd      -f(-x) = f(x)   - unchanged if rotated 180o around center
    even      f(-x) = f(x)   - symmetric in the vertical central line
    strictly increasing     f(x1) < f(x2)        - uphill to the right, no plateau
    strictly decreasing     f(x1) > f(x2)        - downhill to the right, no plateau
    increasing  (also   )       f(x1) < f(x2)        - uphill to the right, plateau may occur
    decreasing  (also   )      f(x1) > f(x2)        - downhill to the right, plateau may occur
    injective (also   ,   ) f(x3) = f(x4) ) x3 = x4 - horizontal lines have at most one intersection
    surjective på R                 f(Df ) = R             - horizontal lines have at least one intersection
 p  periodic    f(x+np) = f(x)        - a piece of length p constantly repeating
bounded from above     y < b (some b)           - the entire curve is below a certain height
bounded from below    y > a (some a)           - the entire curve is above a certain height
bounded        a < y < b (some a and b)           - the entire curve is between two heights

       Relations of properties

p

f is invertible on Vf

f is differentiable

f is bounded from below

f is bounded from above

f is bounded

f  is twice 
differentiable

f is a function

1. Excluding: e1           e2, no function has both properties e1 and e2.
2. Almost excluding: e1           e2, no function has both properties e1 and e2 except straight 
lines.
3. Including: e1            e2, every function with the property e1 has also the property e2. In 
such cases, only the property e1 is notated.
4. Combined including: e1            e3(touching arrow heads): the property e3 follows from 
the properties e1 and e2.      e2

f is continuous

Relations
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x   2ln(      + 1)1  
2ln  x  1   

x  1
1  
2ln   1  x    

1  x
1  
2ln(x +   x2 1)       ln(x +   x2 +1)       

2xlog x| - 1)ln| x( |x| -    )(ln    x  
n!

n

k
1

k = 1

n|  |ln x |x| -  )(ln    x  
2xln xlg 

x10
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e-|x| e-x2xe -xe-xex2x (x) xne-x

csch x sinh x cosh x tanh x coth x sech x 

sin2 x (xn)
n = - 



sin x/2
sin(n + 1/2)xcos x1 sin 2 xsin x cos 3 xsin 3 xcos 2 x cos2 x xsin x

sec xcot2 x 1tan2 x +1cot x

arccos x arccsc xarccot xarctan x

csc x

arcsec xarcsin x
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 1

(x)sin x
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
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
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
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


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n

x b
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1. a + b
2. a

x b
a

a > 0, b > 1, 
SGD(a,b) = 1, 
1. a + b
2. a



2. Negative integer powers

3. Singular roots

4. Non-singular roots

5. Logarithms and 
    hyperbolic inverses

6. Exponentials

7. Hyperbolic functions

8. Bounded trigonometric
    functions

9. Singular trigonometric
    functions

11. Special roots and
      rational functions

12. Causal functions

13. Impulse”functions”

10. Trigonometric inverses

1. Natural powers

sin nx  
cos nx  

(x)xne-x
(x)xn

(xn)

 (x 1)n    
 1
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y’’  y = 0 

y’ = 0 y(5) = 0 

y’’ + y = 0 

y(3) = 0 y(4) = 0 

y’ + y = 0 

P(D)h =  ) 
P(D)hf = f 

y’  y = 0 

y’’ + 4y = 0 

y(7) = 0 

y’’  y = 0 

y’’ + 9y = 0 y’’ + 9y = 0 y’’ + 4y = 0 

y’’ = 0 y(6) = 0 

y’  ln y = 0 y’  ln y = 0 

y’’ + y = 0 y’ = 0 

x = 0 

< x < 1

x = 0 x = 0 

x = 0 x > 0 x = 0 x > 0 

x = 0 x = 0 

x = 0 x > 0 x > 0 

x = 0 

x = 0 x > 0 x = 0 

x > 0 x > 0 

x < 1, 1 < x1 < x < 1 

x > 0 

x > 1 

x > 0 x > 0 

x = 0 x > 0 x > 0 x > 0 

x = 0 x = 0 

x = 2n, 

x = n  
2 x = nx = n  

2 x = nx = n  
2 x = n

1 < x < 1 

1 <  x < 1 1 < x < 1 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
”x = 0” 

x = 0, 
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